LARGE CONFORMAL METRICS WITH PRESCRIBED SCALAR
CURVATURE

ANGELA PISTOIA AND CARLOS ROMAN

ABSTRACT. Let (M,g) be an n—dimensional compact Riemannian manifold. Let h be a
smooth function on M and assume that it has a critical point £ € M such that h(§) = 0 and
which satisfies a suitable flatness assumption. We are interested in finding conformal metrics

n—2

gr = ul >g, with u > 0, whose scalar curvature is the prescribed function hy := A2 + h,
where A is a small parameter.

In the positive case, i.e. when the scalar curvature R, is strictly positive, we find a family
of “bubbling” metrics gy, where u) blows-up at the point £ and approaches zero far from &
as A goes to zero.

In the genera} case, if in addition we assume that there exists a non-degenerate conformal

metric go = ug ° g, with ug > 0, whose scalar curvature is equal to h, then there exists a

4
bounded family of conformal metrics gg = u&? g, with up » > 0, which satisfies ug,x — ug
uniformly as A — 0. Here, we build a second family of “bubbling” metrics g, where uy
blows-up at the point £ and approaches ug far from £ as A goes to zero. In particular, this
shows that this problem admits more than one solution.

1. INTRODUCTION

Let (M, g) be a smooth compact manifold without boundary of dimension n > 3. The
prescribed scalar curvature problem (with conformal change of metric) is

giwen a function h on M does there exist a metric g conformal to g such that the scalar
curvature of g equals h?

Given a metric g conformal to g, i.e. § = wiz g for some smooth conformal factor u > 0,
this problem is equivalent to finding a solution to

—Ayu+c(n)Ryu = c(n)hu?, w>0 on M,

where A, = div,V is the Laplace-Beltrami operator, ¢(n) = 4(7;—__21), p = nt2

n—2"
the scalar curvature associated to the metric g. Since it does not change the problem, we
replace ¢(n)h with h. We are then led to study the problem

1.1 —Aju+cn)Ru=hu?, uw>0 on M,
( g g

We suppose that h is not constant, otherwise we would be in the special case of the Yamabe
problem which has been completely solved in the works by Yamabe [Yam60], Trudinger
[Tru68], Aubin [Aub76a], and Schoen [Sch84]. For this reason we can assume in (1.1) that
R, is a constant.

and R, denotes
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In the book [Aub98, Chapter 6], Aubin gives an exhaustive description of known results.
Next, we briefly recall some of them.

e The negative case, i.e. R, <0.
A necessary condition for existence is that [ hdy, < 0 (a more general result can be found

M
in [KW75]).

When h < 0, (1.1) has a unique solution (see for instance [KW75, Aub76a]). The
situation turns out to be more complicated when h vanishes somewhere on M or if it
changes sign. When max,; h = 0, Kazdan and Warner [KW75], Ouyang [Ouy91], Vazquez
and Véron [VV91], and del Pino [dP94] proved the existence of a unique solution, provided
that a lower bound on Ry, depending on the zero set of h, is satisfied. The general case was
studied by Rauzy in [Rau95], who extended the previous results to the case when h changes
sign. Letting A~ := min{h,0} and h* := max{h, 0}, the theorem proved in [Rau95] reads
as follows.

Theorem 1.1. Let A := {u € Hy(M) | u>0, u#0, z\‘gh_UdVg = O} and

f |Vul?dy,

Ay := inf M

wed [ wldy,
M

with Ag = 400 if A = 0. There exists a constant C(h) > 0, depending only on %,
M

such that if

maxy, h™
M

then (1.1) has a solution.

The dependence of the constant C'(h) on the function A~ can be found in [AB97]. An
interesting feature is that if A changes sign then the uniqueness is not true anymore, as
showed by Rauzy in [Rau96].

Theorem 1.2. Assume (1.2) and let £ € M such that h(§) = mj\z;xh > 0. If one of the

following conditions hold:

(1) 6 <n <9 and Ayjh(§) = 0;

(2) n > 10, the manifold is not locally conformally flat, and A h(§) = Agh(f) =0;
then (1.1) admits at least two distinct solutions.

e The zero case, i.e. R, = 0.
Necessary conditions for existence are that h changes sign and [ hdy, < 0. Some of the
M

existence results proved by Escobar and Schoen [ES86], Aubin and Hebey [AH91], and
Bismuth [Bis98] can be summarized as follows.

Theorem 1.3. Let £ € M such that h(§) = mﬁxh > 0. If one of the following conditions

hold:
(1) 3 <n <5 and all the derivatives of h at the point & up to order n — 3 vanish;
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(2) (M, g) is locally conformally flat, n > 6 and all the derivatives of h at the point & up
to order n — 3 vanish;

(3) the Weyl’s tensor at & does not vanish, n = 6 and Ajh(§) = 0/, or [n > 7 and
Agh(€) = AZh(E) = 0],

then (1.1) has a solution

e The positive case, i.e. R, > 0.
A necessary condition for existence is that max,; h > 0. Some of the existence results
proved by Escobar and Schoen [ES86], Aubin and Hebey [AH91|, and Hebey and Vaugon
[HV93] can be summarized as follows.

Theorem 1.4. Assume that (M, g) is not conformal to the standard sphere (S", go). Let
£ € M such that h(§) = mj\z}xh > 0. If one of the following conditions hold:

(1) n =3 or n >4, (M,g) is locally conformally flat, and all the derivatives of h at the
point & up to order n — 2 vanish/;

(2) the Weyl’s tensor at & does not vanish, n = 6 and Ajh(§) = 0/, or [n > 7 and
Agh(§) = AZh(E) = 0];

then (1.1) has a solution.

The prescribed scalar curvature problem on the standard sphere has also been largely
studied. We refer the interested reader to [HV92,Li95, Li96].

In the rest of this paper, we focus our attention on the case hy(z) := A\? + h(x) where
h € C*(M) and X > 0 is a small parameter. Namely, we study the problem

(1.3) —Aju+c(n)Ryu= (N +h)u’, u>0 on M.

In order to state our main results, let us introduce two assumptions. In our first theorem we
assume that h satisfies the following global condition:

there exists a non-degenerate solution ugy to
(1.4) —Agug + c(n)Ryug = hugy, up >0 on M.

The existence of a solution to (1.4) is guaranteed if h is as in Theorems 1.1, 1.3, or 1.4. The
non-degeneracy condition is a delicate issue and it is discussed in Subsection 2.3. It would be
interesting to see if for “generic” functions h the solutions of (1.4) are non-degenerate.
Under this assumption, it is clear that if A is small enough then (1.3) has a solution
upn € C*(M) such that [Jug — uollc2(a) = 0 as A — 0.
In addition, the following local condition is assumed in both of our results:

n
There exist a point £ € M and some real numbers v > 2, ay,...,a, # 0, with > a; > 0,
=1

such that, in some geodesic normal coordinate system centered at &, we have
(1.5) h(y) = — z:ai|yl-|7 + R(y) ify € B(0,r), for some r > 0,
i=1
where R satisfies lim R(y)|y|™” = 0.
y—0

In particular, h(§) = Vh() = 0. The number ~ is called the order of flatness of h at the
point £. Observe that £ cannot be a minimum point and that if all the a;’s are positive then
¢ is a local maximum point of h.
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Let us now introduce the standard n-dimensional bubbles, which are defined via

Uﬂyy(a:) = M_RTQU (x /: y) ) :u > 07 Y € Rna

1 n—2
where U(IL‘) = QHW, Ay = [n(n — 2)] 4,

These functions are all the positive solutions to the critical problem (see [Aub76b, Tal76])
—AU =U? in R"
Our first result concerns the multiplicity of solutions to problem (1.3).

Theorem 1.5. Assume that (M, g) is not conformal to the standard sphere (S", go), (1.4),
and (1.5). If one of the following conditions hold:

(1) 3 <n <5 and ¢ is a non-degenerate critical point of h, i.e. v =2;

(2) n==6 and v € (2,4);

(3) 7T<n<9and~y=4;

(4) n > 10, (M, g) is locally conformally flat , and v € (”T_Q, %),

(5) n > 10, the Weyl’s tensor at & does not vanish, and vy € (4,4 4 €) for some € > 0;

then, provided X\ is small enough, there exists a solution uy to problem (1.3) which blows-up
at the point & as X — 0. Moreover, as X — 0, we have

o) = ) = 3y (BL)
X

where the concentration point £, — & and the concentration parameter py — 0 with a suitable
rate with respect to X, which depends on the order of flatness v (see (2.5), (2.7), (2.8), (2.12)).
Finally, if h € C>®(M), then \* + h is the scalar curvature of a metric conformal to g.

— 0,
HE(M)

This is the first multiplicity result in the zero and positive cases. In the negative case, it
extends the results of Theorem 1.2 to locally conformally flat manifolds, to low-dimensional
manifolds (i.e. 3 < n <5), to higher-dimensional manifolds (i.e. 6 < n < 9) when the order
of flatness at the maximum point £ is at least 2, and to non-locally conformally manifolds
when n > 10 and the order of flatness at the maximum point £ is at least 4. Moreover, it
also provides an accurate description of the profile of the solution as A approaches zero.

Our second result concerns the existence of solutions to problem (1.3) in the positive case,
without need of the global condition (1.4) on h.

Theorem 1.6. Assume that (M, g) is not conformal to the standard sphere (S™, go), Ry > 0,
and (1.5). If one of the following conditions hold:

(1) n=3,4,5 or [n > 6 and (M, g) is locally conformally flat] and v € (n — 2,n);

(2) n > 6, the Weyl’s tensor at £ does not vanish, and v € (4,n);

then, provided X\ is small enough, there exists a solution uy to problem (1.3) which blows-up
at the point & as A — 0. Moreover, as A — 0, we have

ur(@) = AT U (M>
Hx

where the concentration point £ — & and the concentration parameter py — 0 with a suitable
rate with respect to A\, which depends on the order of flatness v (see (4.1)).
Finally, if h € C>®(M), then \* + h is the scalar curvature of a metric conformal to g.

— 0,
HY(M)
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Our results have been inspired by the recent papers by Borer, Galimberti, and Struwe
[BGS15] and del Pino and Roméan [dPR15], where the authors studied the prescribed Gauss
curvature problem on a surface of dimension 2 in the negative case. In particular, they built
large conformal metrics with prescribed Gauss curvature x, which exhibit a bubbling behavior
around maximum points of x at zero level. We also refer the reader to [{PMP05,dPMRW16],
where equations closely related to (1.1) have been treated.

The proof of our results relies on a Lyapunov-Schmidt procedure (see for instance [BLRI5,
dPFMO03]). To prove Theorem 1.5, we look for solutions to (1.3) which share a suitable
bubbling profile close to the point ¢ and the profile of the solution to the unperturbed
problem (1.4) far from the point £. The accurate description of the ansatz is given in Section
2, which also contains a non-degeneracy result. The finite dimensional reduction is performed
in Section 3, which also includes the proof of Theorem 1.5. All the technical estimates are
postponed in the Appendix. In Section 4 we prove Theorem 1.6, which can be easily deduced
by combining the results proved in Section 3 and in the Appendix with some recent results
obtained by Esposito, Pistoia, and Vétois in [EPV14].

Acknowledgments. We would like to thank Manuel del Pino for bringing this problem to
our attention, as well as for many helpful discussions we had with him. We also thank the
anonymous referee for his or her careful reading and very useful comments.

2. THE APPROXIMATED SOLUTION

2.1. The ansatz. To build the approximated solution close to the point £ we use some ideas
introduced in [EP14,RV13]. The main order of the approximated solution close to the point
¢ looks like the bubble

n—2 n—2 n—2 ex -1 X
(2.1) N2 U (r)=A"2pu 22U <p€T<> - 7') if dy(z,§) <,

where the point 7 € R™ depends on A and the parameter u = () satisfies
(2.2) p=1t\ for somet >0 and §> 1.

The choice of 3 depends on n, on the geometry of the manifold at the point &, i.e. the Weyl’s
tensor at £ and on the order of flatness of the function h at &, i.e. the number v := 2 4+ « in
(1.5).

Let us be more precise. Let r € (0,i,(M)) be fixed, where i,(M) is the injectivity radius
of (M, g), which is strictly positive since the manifold is compact. Let y € C*(R) be a
cut-off function such that 0 < x <1inR, y =11in [—r/2,r/2] and x =0 in R\ (—r,r). We
denote by d, the geodesic distance in (M, g) and by expg1 the associated geodesic coordinate
system. We look for solutions of (1.3) of the form

(2.3) ux(z) = uo(x) + AT Wi () + oa(2),

where the definition of the blowing-up term W, . depends on the dimension of the manifold
and also on its geometric properties. The higher order term ¢, belongs to a suitable space
which will be introduced in the next section. More precisely, W, ; is defined in three different
ways:

e The case n = 3,4,5.
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It is enough to assume
(2.4) Wi (2) = X (dg(z, §)) U - (2),

where U, ; is defined in (2.1). The concentration parameter ;1 satisfies
(2.5) = t)ﬂanjr?%, with ¢t > 0 provided 0 < a < n — 2.

e The cases n > 10 when Weylg(g) is non-zero and 6 <n <9,
It is necessary to correct the bubble U; . defined in (2.1) by adding a higher order term as
in [EP14], namely

(2.6) Wi () = X (dg(2,)) (Urr(x) + (*Vir ()
where »
Vio () = p "5V (expﬁT@ _ T) if dy (2, €) < r.

The choice of parameter y depends on n. More precisely if n > 10 and the Weyl’s tensor
at £ is non-zero we choose

(2.7) = t)\ﬁ, with ¢ > 0 provided 2 < a < 5
n _

If 6 <n <9 we choose

nt2 -6 16 26 16
(2.8) = t)\Qa—tl%, with ¢ > 0 provided nT <a< min{ n nt }

n—2" 2(n-2)
The function V' is defined as follows. If we write u(z) = u (expg1 (z)) for z € By(&,r)
and y = exp¢ (r) € B(0,7), then a comparison between the conformal Laplacian £, =

—A, + ¢(n)R, with the euclidean Laplacian shows that there is an error, which at main
order looks like

1 -
(2.9) Lgu+ Au ~ +§ Z Rian; (€)yatpOiu + Z O3 (E)yidu + c(n) Ry()u.

a,bi,j=1 il k=1

Here R;q; denotes the Riemann curvature tensor, Ffj the Christoffel’s symbols and R, the
scalar curvature. This easily follows by standard properties of the exponential map, which
imply

—Aju=—Au— (g” — 5”)@%@ + g”Ffj(?ku,
with

97 (y) = 67(y) — %Riabj(g)yayb + O(ly*) and ¢ (y)T%(y) = ATy + O(lyl?).

To build our solution it shall be necessary to kill the R.H.S of (2.9) by adding to the bubble

a higher order term V' whose existence has been established in [EP14]. To be more precise,

we need to remind (see [BE91]) that all the solutions to the linear problem
—Av=pUP v in R",

are linear combinations of the functions

(2.10) Zo (x) = x - VU(z) + nT_2U(x), Zi(2) = 0U(), i=1,....n.

The correction term V is built in the following Proposition (see Section 2.2 in [EP14]).
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Proposition 2.1. There exist v(§) € R and a function V € DY2(R™) solution to

~AV — f(U)V =
n 1 n
= D SRaw@QuandU — Y OTOuOU — c(n)By()U + v(§) Z,
a,b,i,j=1 i,l,k=1

m R™, with
/V(y)Z"(y)dy =0, i=0,1,...,n
Rn

and

1
V)l + 1oV W)l + [yl |05V ()| =0 | ———= |, veR™
2\ —5—
(1+|y|?) =

e The case n > 10 when (M, g) is locally conformally flat.
In this case it is necessary to perform a conformal change of metric as in [RV13]. Indeed,
4

(n—2)

there exists a function A¢ € C°°(M) such that the conformal metric ge = A;""" g is flat in
By(&, 7). The metric can be chosen so that A¢(§) = 1. Then, we choose

(2.11) Wer () = X (dge(,€)) Ne(2)Us (),

where U, . is defined in (2.1) and the exponential map is taken with respect to the new
metric ge. In this case, the concentration parameter p satisfies

- —6 2—6n+16
(2.12) M= t)\ﬁ, with ¢t > 0 provided i 5 <a< %
2.2. The higher order term. Let us consider the Sobolev space H 91 (M) equipped with the
scalar product

(u,v) = /M ((Vgu, Vau), + uv) duy,

and let || - || be the induced norm. Let us introduce the space where the higher order term
¢y in (2.3) belongs to. Let Zy, Z1, ..., Z, be the functions introduced in (2.10). We define

a2 expg () _
Zipr(x) = p 2 x(dge(7,8))Ae(7) Z; — 7 i=0,1,...,n,

where g and A are defined as in (2.11) and we also agree that g = ¢, A¢(z) = 1 if the
ansatz is (2.4) or (2.6). Therefore, ¢y € H+ where

H* = {¢6Hg1(M) : /¢Zi,t77dyg:0foranyi:(),l,...,n}.
M

2.3. A non-degeneracy result. When the solution ug of (1.4) is a minimum point of the
energy functional naturally associated with the problem, the non-degeneracy is not difficult
to obtain as showed in Lemma 2.2. In the general case ug is a critical point of the energy of
a min-max type and so the non-degeneracy is a more delicate issue. As far as we know there
are no results in this direction.
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Lemma 2.2. Assume R, < 0, maxy h = 0, and the set {x € M | h(z) = 0} has empty
interior set. Then the unique solution ug to (1.4) is non-degenerate, i.e. the linear problem

~ A+ c(n)Ryp — ph(x)ul ™ =0 on M,
admits only the trivial solution.

Proof. Del Pino in [dP94] proved that problem (1.4) has a unique solution, which is a mini-
mum point of the energy functional

1 1
J(u) == 3 /M (IVgul2 4 c(n)Rgu?) dvy — ] /M hlulPdy,.

Therefore the quadratic form
D2J(u)ond) = [ (93002 + cln)Ryd? — pha” o) d, 6 € HYOM)
M
is positive definite. In particular, the problem
(2.13) — Ay + c(n)Ryp; — phug_lgbi =N\¢; on M,
has a non-negative first eigenvalue \; with associated eigenfunction ¢; > 0 on M.

If A\; =0 then we test (1.4) against ¢; and (2.13) against ug, we subtract and we get

(p— 1)/ hufp1dv, = 0,
M

which gives a contradiction because h # 0 a.e. in M and uy > 0 on M. 0J

3. THE FINITE DIMENSIONAL REDUCTION

We are going to solve problem

(3.1) Lou= (N+h) f(u) on M,

where £, is the conformal Laplacian and f(u) = (u™)?, ut(z) := max{u(zx),0}, using a
Ljapunov-Schmidt procedure. We rewrite (3.1) as

(3.2) L(gr) = —E + (> +h)N(¢y) on M,

where setting

n—

(3.3) UN(x) = Unsr () 7= AT Wy () + uo(2),
the linear operator L(-) is defined by

(3.4) L(¢) == Lgp — (N + h) [ ()¢,

the error term is defined by

(3.5) E = L, — (N + h) f(%)

and the higher order term N(-) is defined by
N(¢) = f(U+ o) = f(%)— [ (%) .

First of all, it is necessary to estimate the error term F.
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Proposition 3.1. Let a,b € R, be such that 0 < a < b and K be a compact set in R™. There
exist positive numbers Ao, C' and € > 0 such that for any X\ € (0, \g), for any t € [a,b] and
for any point T € K we have

2(n+2)—a(n—2) +e

||E||anﬁn(M) < CA 2 if (2.7) holds
or
E| < O T if (2.5) or (2.8) or (2.12) hold
I L2 a0 = if (2.5) or (2.8) or (2. old.
Proof. The proof is postponed in Subsection 5.1. (Il

Then, we develop a solvability theory for the linearized operator L defined in (3.4) under
suitable orthogonality conditions.

Proposition 3.2. Leta,b € R, be fixed numbers such that 0 < a < b and K be a compact set
in R™. There exist positive numbers \g and C, such that for any X € (0, \g), for any t € [a,b]

and for any point T € K, given { € L%(M) there is a unique function ¢y = ¢rr-(¢) and
unique scalars c;, 1 =0, ...,n which solve the linear problem

L(¢) = E—I—ZCZZMT on M,

(3.6) i=0
/ 0Ziydvy = 0, foralli=0,... n.
M
Moreover,
(37) ol < CIeI, 2,
Proof. The proof is postponed in Subsection 5.2. O

Next, we reduce the problem to a finite-dimensional one by solving a non-linear problem.

Proposition 3.3. Let a,b € R, be fixred numbers such that 0 < a < b and K be a compact
set in R™. There exist positive numbers Ay and C, such that for any A € (0,Xg), for any
t € [a,b] and for any point T € K, there is a unique function ¢y = ¢, and unique scalars

ci, 1 =0,...,n which solve the non-linear problem
L(¢) = —E+ (N +h)N()+ > ciZisr on M,
(3.8) =0
/ 02 dvy = 0, foralli=0,... ,n.
M
Moreover,
(3.9) [oallmz ) < C“E”L%(M)

and ¢y is continuously differentiable with respect to t and .
Proof. The proof relies on standard arguments (see [EPV14]). U

After Problem (3.8) has been solved, we find a solution to Problem (3.2) if we manage to
adjust (¢,7) in such a way that

(3.10) ¢i(t,7) =0, foralli=0,...,n.
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This problem is indeed variational: it is equivalent to finding critical points of a function of
t, 7. To see that let us introduce the energy functional J, defined on H ;(M ) by

2

(W )Pu+ ——h(u )pu)dyg.

_ 1 2 1 2
i) = [ (G0 + gel e - —

An important fact is that the positive critical points of J, are solutions to (1.3). For any
number ¢ > 0 and any point 7 € R", we define the reduced energy

(3.11) IN(t, ) i= I\(Un + d»),

where %\ = %.+- is as in (3.3) and ¢\ = ¢y, is given by Proposition 3.3. Critical points
of J\ correspond to solutions of (3.10) for small A, as the following result states.

p+1

Lemma 3.4. The following properties hold:

(I) There exists Ao > 0 such that for any X € (0, Xo) if (tx,Tr) is a critical point of Jy then
the function uy = U + Py, @S a solution to (3.1).

(II) Let a,b € Ry be fized numbers such that 0 < a < b and let K be a compact set in R".
There exists Ao > 0 such that, for any A € (0, \g), we have:
(a) if n > 10, Weyl (§) # 0, and (2.7) holds then

(3.12)

|2+a

Tt 7) = Ag — AT ] Ay Weyl, (62t — t“Z / bt 2 gy oy |

(14 [y[2)n

01 (t,T)

Cl—uniformly with respect to t € [a,b] and 7 € K ;
(b) if one of the following conditions is satisfied:
(i) 3<n <5 and (2.5) holds;
(1) 6 <n <9 and (2.8) holds;
(11i) n > 10, (M, g) is locally conformally flat, and (2.12) holds;
then
(3.13)

(n—2—a)(n—=2)

{n=2-a)(n=2) n—2 24 ’yz "‘7'1’ 2t
T, 7) = Ag — X~ 2anis Agug(€)t Ayt Z AT TP S—dy | 4o(1) |

N J/

[SP) (t,T)

C—uniformly with respect to t € [a,b] and 7 € K.
Here, A1, Ay, and Az are constants only depending on n and

1 1
Ay = / (g\vguo\g + §c(n)Rgu8 —

M

2 1
T P ) dy
0 o1t

p+1
1 2 1 p+1
+/(2|VU| p+1U dy.

R”

(3.14)
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Proof. The proof of (I) is standard (see [EPV14]). The proof of (II) is postponed in Subsection
5.4. 0J

The next result is essential to find solutions to (1.3).

Lemma 3.5. There exists Ao > 0 such that for any X € (0, Xo) if (tr,T) is a critical point
of T then the function uy = U+ Grty.m 1S a classical solution to (1.3).

Proof. By Lemma 3.4 we deduce that uy solves (3.1). Arguing as in Appendix B of [Str08],
one easily sees that uy, € C?(M).

It only remains to prove that uy > 0 on M. This is immediate in the positive case, i.e.
R, > 0, because the maximum principle holds. Let us consider the case R, < 0.

We consider the set Qy := {x € M |(uyx — \)” () < 0}. Let mg := minys ug > 0. By the
definition of uy we immediately get that for all A sufficiently small ¢y < —%% in Q). Thus,
since ¢y — 0 in L?(M), we deduce |Qy] — 0 as A — 0. Now, set v 1= uy — .

Testing (3.1) against v~ we get

|19 By R, [ @ Vv~ [ 0Py oy,
O Qx 0<uy <A

+ A lc(n)Rg/ v dy, — / (h+ X)) (ui)P v dy,| =0
Qx O<uy<A

Poincaré’s inequality yields
|19 Ban, = o) [ oy,
Q) Qx
where C'(€2,) is a positive constant approaching +oo as [€2,| goes to zero.

On the other hand

/0 O W) 0| < O
<ur<

and

/ (h + X)) (ui)P~tv~dy, SC’)\”_l/ |v™|dv,
0<uy <A Qx

for some positive constant C' not depending on A. Collecting the previous computations we
get

>

(CQ) + c(n) Ry — CX Y |07 [Bagar) + A ()| By| — CAPY) / - |dy, < 0
N ~ 7 S ~ (9]
>0 if a~0 >0 if a~0 ’
which implies v~ = 0 if X is small enough. Since uy € C*(M) we deduce that uy > A > 0 in
M and the claim is proved. O

3.1. Proof of the main result. Theorem 1.5 is an immediate consequence of the more
general result.

Theorem 3.6. Assume (1.5) with v := 2+ «. If one of the following conditions hold:
(1) n > 10, the Weyl’s tensor at & does not vanish, and 2 < o < 2
(2)3<n<5and0<a<n-—2;

6 . 16 n2-6n+16 | .
(3)6<n<9and " <a< mm{m, nQ(nfg) };
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(4) n > 10, (M, g) is locally conformally flat, and 5° < o < %;
then, provided X is small enough, there exists a solution to (1.3) which blows-up at the point
& as A — 0.

Moreover, if h € C*(M) then \* + h is the scalar curvature of a metric conformal to g.

Proof. We will show that the functions ©; and ©,, defined respectively in (3.12) and (3.13),
have a non-degenerate critical point provided > a; > 0 and a; # 0 for any ¢. As a consequence,

=1
provided A is small enough, the reduced energy 7, has a critical point and by Lemma 3.5 we
deduce the existence of a classical solution to problem (1.3), which concludes the proof.
Without loss of generality, we can consider the function

ot 7) =t~ "3 a, / lyi + P F(W)dy, (t,7) € (0, +00) x R,
=1 B

where 8 =4 or 8 = "T’z, v=a+2and f(y) = W for some positive constant A. It is
n
immediate to check that, because > a; > 0, this function has a critical point (to,0), where
i=1
to solves
n

BtP = eyt? Zai, with ¢; 1= / ly:|” f(y)dy not depending on 1,
R

i=1

Moreover it is non-degenerate. Indeed, a straightforward computation shows that

BB =ty 0 0
D2¢(t0, O) = 0 —"}/(’}/ — 1)c2t3a1 R 0 s
0 0 oo =y = Deatfay,
where ¢5 := [ |y;[7"?f(y)dy does not depend on i, which is invertible because 3 # -, > 0,
Rn
and a; # 0 for any 1. O

4. THE POSITIVE CASE: PROOF OF THEOREM 1.6

In this section we find a solution to equation (1.3) in the positive case, i.e. R, > 0 only
assuming the local behavior (1.5) of the function h around the local maximum point {. We
build solutions to problem (1.3) which blow-up at & as A goes to zero, by combining the ideas
developed by Esposito, Pistoia and Vétois [EPV14], the Ljapunov-Schmidt argument used in
Section 3 and the estimates computed in the Appendix. We omit all the details of the proof
because they can be found (up to minor modifications) in [EPV14] and in the Appendix.
We only write the profile of the solutions we are looking for and the reduced energy whose
critical points produce solutions to our problem.

4.1. The ansatz. Let us recall the construction of the main order term of the solution
performed in [EPV14]. In case (M, g) is locally conformally flat, there exists a family (ge) ceM
of smooth conformal metrics to g such that g, is flat in the geodesic ball B¢ (19). In case
(M, g) is not locally conformally flat, we fix N > n, and we find a family (g) ceny Of smooth

conformal metrics to g such that

lexpt ge| (y) = 1+ O([yV)



LARGE CONFORMAL METRICS WITH PRESCRIBED SCALAR CURVATURE 13

C'—uniformly with respect to £ € M and y € T:M, |y| < 1, where ‘expz gg| is the deter-

minant of g¢ in geodesic normal coordinates of g¢ around £. Such coordinates are said to be

conformal normal coordinates of order N on the manifold. Here, the exponential map expg

is intended with respect to the metric g. For any £ € M, we let A¢ be the smooth positive
4

function on M such that g = /lgf2 g. In both cases (locally conformally flat or not), the
metric g¢ can be chosen smooth with respect to € and such that A (§) =1 and VA¢ (§) = 0.
We let Gy and Gy, be the respective Green’s functions of L, and L,.. Using the fact that
Ae (€) =1, we deduce

Gy (6) = Ae(t) Gye (,€) -

We define
Wt,T (I’) = Gg (I’, 5) Wt,‘r (.ﬁE) s
with

(n (n—2) n—2

BT T g (B0 .8

—7‘) if dy, (x, &) <r

(E—T) if dg, (v,8) >

where 3, = (n — 2)w,_1, wy_1 is the volume of the unit (n — 1)-sphere, 7 € R™ and the
concentration parameter p = py(t) with ¢ > 0 is defined as (here a = v — 2, being ~ the
order of flatness of h at the point &)

Wi (2) =

Bn

tA\Tra=n  ifn=3,4,5 or [n>6and (M,g) is lef] withn—4<a<n—2
(41) p=< 071 (X)) if n=06and Weyl (£) # 0 with 2 < a < 4
Az if n > 7 and Weyl (£) # 0 with 2 < o <n — 2,

where the function ¢ (p) := —p?> *Inpu when p is small. We look for a solution to (1.3) as
ux = Wy, + ¢, where the higher order term is found arguing as in Section 3.

4.2. The reduced energy. Combining Lemma 1 in [EPV14] and Lemma 5.2 in the Appen-
dix, the reduced energy J, introduced in (3.11) (where the term U, is replaced by W;, and
in particular ug = 0) reads as

(a) if n=3,4,50or [n > 6 and (M, g) is Le.f.] withn —4 <a <n —2 and (4.1) holds then

Ta(t7) = Ay — N [ Agm(e)in? — AgePre Z / Wit nil ™ o)
Y 0 3 1 + | | b
where m(&£) > 0 is the mass at the point &,
(b) if n =6, Weyl, (§) # 0, and (4.1) holds then
4 2+a 6 24
_ 2 M3 (1) In pux (2) py (1) |yi + il
In(t,7) = Ag— —A1|Weylg(f)|gT Ay G Z aimdy +o(1) |,

i=1 gn
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(c) if n > 7, Weyl, (§) # 0 and (4.1) holds then
Ta(t,7) = Ag — A | A [ Weyl, ()2 — A tMZ / 'y’—zczym(n ,

C!—uniformly with respect to ¢ in compact sets of (0,+0c) and 7 in compact sets of R™.
Here A;, As and Aj are constants only depending on n and Ay depends only on n and .
5. APPENDIX
We recall the following useful lemma (see, for example, [Li98]).

Lemma 5.1. For any a > 0 and b € R we have

0 _ go < J clg)min{[p?,a b} i 0 < g <1,
(oot { S o) a3t

and

‘((a + b)*)q+1 —a®™ — (g +1)a%| <

c(q) min {|p|7™ a?71?} if 0 < g <1,
c(q) (|plrt +at™'0?)  ifg > 1.

5.1. Estimate of the error.
Proof of Lemma 3.1. We split the error (3.5) into
E=(=A,+c(n)R,) {x"%’"wt,T + uo] — (A2 +h) [x"%?wm + uor — B\ + By + B,
where
By =27 [“AW,, + c(n)RW,, + WP
By = —27F [Wer + X T o) —WE |
By =\""Fh [(WW AT ) — (A"T’Quo)p} .

To estimate Ey and E3 we use the fact that the bubble W, ; satisfies in the three cases
n—2

(5.1) l%A%m@»=0< & n2> if ly =& <.
(1? + 1y — prl?) 2

Indeed by (5.1) and Lemma 5.1 we immediately deduce that

b Vo (0 (V)
Ln+2 (M)

Bl 25 —O(HA2pr1

with
) if3<n<5

IWEE, oy, =

|
S o O

e
u|lnu|3> if n =6,
(,u) ifn>17,
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and
n n— -1
|| Es]] 20 =0 (A F h<>\72uo>p Wirll
Ln+2 (M) TJ??(M)
0(A—*|\hwﬁ|y . )+o< -nf
nt2 (M
with
O ,unT_2>
A Wizl 2 rizan ) O u%\lnu|%>
O (™)
and
O(M2+a)
IVEN, ) =

O u%>

Now, let us estimate E;. In the first two cases, we argue
and we deduce that

15

) <00 )

el o)

if n <10 4 2a,

(I

if n =10+ 2q,
if n > 10 + 2a,

if 2aa <n — 2,

O unTH\lnu]an> if 2a =n — 2,

if 2aa > n — 2.

exactly as in Lemma 3.1 in [EP14]

( lunT%
O n—2 1f3§”§7,
A2
3 5
O M) ifn =8,
/\3
1EAl 2y ) = 5
0 “—7> if =9,
o) - if n > 10,
\ >\2

In the third case, arguing exactly as in Lemma 7.1 of [RV13] we get

Collecting all the previous estimates we get the claim.

5.2. The linear theory.
Proof of Lemma 3.2. We prove (3.7) by contradiction.

If the statement were false, there

would exist sequences (A)men, (tm)men, (Tm)men such that (up to subsequence) \,, | 0,

:U‘ml/Ot

||€ || — 0, such that for scalars ¢* one has

2n

n+2

L(¢m)

/ gbm Zi,tm Tm dV
M

1=0

(5.2)
0,

— to > 0 and 7, — 7 € R"™ and functions ¢,,, ¢,, with ||¢m||Hgl(M) =1,

n
b, + E ;" Zitrm  O0 M,

foralli=0,...,n
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-1
We change variable setting y = ep/j—z(x) — Tmm. We remark that dy(z,§) = ]expgl(x)| and we
set

~ n=2
Om(y) = b’ Xty + Tl )b (exDg,, (i (y + 7))y € R™.
Since || ¢l my(ary = 1, we deduce that the scaled function (¢m)m is bounded in DV2(R™). Up

to subsequence, ¢y, converges weakly to a function ¢ € Db 2(R") and thus in LPT(R™) due
to the continuity of the embedding of D»?(R™) into LP™(R™).

Step 1: We show that ¢]* =+ 0asm — oo forallt=0,...,n.

We test (5.2) against Z; Integration by parts gives

SbmsTm

/ <VQ¢m7 ngivt’HthL)ngg + / [Rg - ()\7271 + h)f/(%Am)} gmei,tm,deljg
M M

n
m
= / ngi7tmmidVg _I_ Z :Ci / Zjatm,TmZi7tmadeVg'
M j=0 M

(5.3)

Observe that

=o(1).

’ / (oZi0 o d
M

By change of variables we have

Vg S H‘gmHLanQ(M)”ZZ,tm,Tm ||L%(M)

C;-n /]V[ Zj,tm,TmZi,tm,deVg = C;n/]R Z]Z,Ldy + 0(1) = cz-”éij . ZJZdy + 0(1),

where 0;; = 1 if ¢ = j and 0 otherwise.
Writing /(y) = h (expe, (ttm(y + 7)), note also that

Rg / ¢m Zi7t'm sTm dl/g + / hf,(%)\m )¢m Ziyt"u'rm dljg
M M

= Ry, %%@+/
Rn

en A2

(bmf( )szy + 0(1)'

On the other hand, standard computations show that

/ <vg¢mvvgzi,tmﬁm>gd’/g _)‘7277,/ f/(%Am)¢mZi,tm,deVg
M M
= | Vou VZdy— | [ (U)onZidy+o(1)
R" Rn
_ —/ (AZ, + J'(U) Z)dmdy + of1).
Since Z; satisfies —AZ; = f'(U)Z; in R", passing to the limit into (5.3) yields

Zn%l_rgo Aoy | Zidy = o(1).
§=0 R

Hence lim,, ;o c* =0, forall i =0,...,n

Step 2: We show that Q; =0
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Given any smooth function ¥ with compact support in R™ we define v by the relation
_n2 - [ expg ! (x)
V() = pm 7 X(dy(x, ) | —"—— =7n | T €M,

We test (5.2) against . Integration by parts gives

/ (Vb V) oy + / Ry — (2, + W) ()] by
M

M

= | {pdy, + CZ”/ ZjtrmWdVg.
/M g ]Z:; " Jt g

(5.4)

By Step 1 it is easy to see that
(5.5) / Untdyy + Z c;"/ Zjtrmdrg — 0, as m — oo.

On the other hand, by the same arguments given in the proof of Step 1, we have

| Vs Ty [ Ry = (2 0)1(26,)] i,
M

M

— | V¢ Vidy — s F(U)ddy

R

as m — oo. Hence, passing to the limit into (5.4) and integrating by parts we get
_ / (AG+ f/(U)d)ddy = 0, for all § € C(R™).

We conclude that ¢ is a solution in D'?(R") to —Av = f/(U)v in R*. Thus ¢ = >0 25,
for certain scalars a;. But

0= / O Qg = | GmZidy, foralli=0,... n.

M R™

Passing to the limit we get fR" gzNSZ,»dyg =0 fori=20,...,n, which implies a;; = 0 for all 4.
Step 3: We show that, up to subsequence, ¢,, — 0 in H;(M).

Since (¢y)m is bounded in H ;(M ), up to subsequence, ¢, converges weakly to a function
¢ € Hy(M), and thus in LP*'(M) due to the continuity of the embedding of H,(M) into
LPTY(M). Moreover, ¢,, — ¢ strongly in L?(M).

We test equation (3.6) against a function ¢ € H,(M). Integration by parts gives (5.4).
Once again, by Step 1 it is easy to see that (5.5) holds. By weak convergence

/(Vg¢m,vg¢)gdyg+Rg/ Omdyy
M M

—>/ (Vy0, V) ,dy, —l—Rg/ ¢Ydy,, as m — oo.
M M

Claim: —/ (A2, + h) f' (WU, pmtbdry — / hf' (uo)ppdy, as m — oo.
M M
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Assuming the claim is true, passing to the limit into (5.4) gives

/ (Vy0, V1h) gdvy + Rg/ Ppdy, —i—/ hf' (uo)ppdr, = 0.
M M M

Elliptic estimates show that ¢ is a classical solution to —Ay¢ + Ry = +hf'(ug)¢ on M.
Lemma 2.2 yields ¢ = 0.

Proof of the claim: Note that

2, / P, ) bmibdv, = X2, / () — [ (w0)|dmibduy + 2, / 1 (1) bt
M M

M
We have
Afn/ f (o) pmibdvy| < N2 || f' (wo) | o (an) | Dm | 2oy 10 | L2ary = 0, as m — oo,
M
We define

n—2

DY) = i Xty + T ) (xPe, (i (y + 7))y € R™.

By (3.3) and change of variables we have

22 /M () — f (o) bmibd,

<C [ Gl WIiwla

L+ [y]?)
”Hm gtz 1m0
for 0 < € < 1. Note that Hz/JH L8 gn) = CWH . By Step 2 |]¢mHLﬁH€(Rn) 40 as
m — oo, since 2L < 2 Thus

—2 14€

)\fn/ (%) pmbdv, — 0, as m — oo.
M
On the other hand

/M (2, )6ubidr, = [

M

B (2,) — F (1) Sl + /M B () bmthd.

Dominated convergence theorem yields

/ hf' (uo)pmibdy, —>/ hf' (uo)pipdy,, as m — oc.
M M

By (3.3) and change of variables we have

< ol / ('y—'22|a3m<y>w<y>\dy

‘ / I @) = ' wo)omidvy| < O | P
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We have
i [ Al W 13 )W)y
32 Jp XD Ty O
s Nm‘
<0z m
X H ] PP L P

ILLm 7 7
<cke |lnumnwmnﬁ(m||w||L%(Rn)

By Step 2 and our choice of p,, in terms of A, (see (2.2)) we conclude that
[ wir@,) - 1o,
M

The claim is thus proved.
Step 4: We show that ||¢m|| gy — 0.
We take in (5.4) ¢ = ¢,,,. We get

/ 1V, lry + / Ry — (2, + ) f'(%,,)] v,

/€m¢mdug+z / Zir o Gmg.

By Step 1-3, passing to the limit into (5.6) gives

lim / IV gbml3dvy = 0.

m— 00

Since ¢, — 0 in H, (M), we conclude

, asm — o0.

(5.6)

lémllEian — 0, as m — oo,
which yields a contradiction with the fact that |[¢y||gyar) = 1. This concludes the proof of
(3.7).
The existence and uniqueness of ¢, solution to Problem 3.6 follows from the Fredholm

alternative. This finishes the proof of Lemma 3.3. 0

5.3. The reduced energy.

Proof of Lemma 3.53. The result of Proposition 3.2 implies that the unique solution ¢, =
T;+(¢) of (3.6) defines a continuous linear map 7}, from the space L%(M) into Hj(M).
Moreover, a standard argument shows that the operator 7;, is continuously differentiable
with respect to ¢ and 7.

In terms of the operator T ;, Problem 3.8 becomes

Or = T (—E + (N + h)N(¢1)) =t A(¢»).
We define the space

= {(]5 € Hgl(M) / ¢Z; 1 rdvy =0, for all i :O,...,n}.
M
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For any positive real number 7, let us consider the region

= {6 € H|I6llman < nllBl, 25, }-

From (3.7), we get

lA@N yan < O (IBI 22y + IN@DN 220 ) -

Observe that
INO a1 ) < CIOAIE < Cllrlgan,

and

L7F2 (M)
for ¢1, ¢2 € F,. By (3.9), we get

P p—1
HA(@)HH;(M) < C’||E||L%(M) <77 HEHL%(M) + 1> ;

IN@) = N2l sy < O BN sy 191 = E2llmgan

and
I4(61) = A@llgan < v IEW L, 1o = Gallagaan,

for ¢1, 2 € F,.

Since p — 1 € (0,1) for n > 3 and ||E||L%(M) — 0 as A — 0, it follows that if 7 is
sufficiently large and )¢ is small enough then A is a contraction map from F, into itself, and
therefore a unique fixed point of A exists in this region.

Moreover, since A depends continuously (in the Ln%-norm) on t, 7 the fixed point char-
acterization obviously yields so for the map ¢, 7 — ¢. Moreover, standard computations give

that the partial derivatives 0y¢, 0,0, ¢ = 1,...,n exist and define continuous functions of
t, 7. Besides, there exists a constant C' > 0 such that for alli=1,...,n

61 10l + 10lmyan < CIEN oy ) + 1B 25y 0+ 100 Bl 2y,
That concludes the proof. O]

5.4. The reduced energy. It is quite standard to prove that, as A — 0, J\ (% + ¢») =
Iy (%) + h.o.t. C'-uniformly on compact sets of (0, +00) x R™ (see [EPV14]). It only remains
to compute Jy (%)) .

Lemma 5.2. Let a,b € Ry be fized numbers such that 0 < a < b and let K be a compact set
in R™. There exists a positive number \g such that for any X € (0, \g) the following expansions
hold C*—uniformly with respect to t € [a,b] and T € K :

(a) if n > 10, [Weyl, (§)[ # 0, and (2.5) holds, we have

|2+a

INW) = Ag — N | Ay [ Weyl, (€2 — AtMZ / lvi + Wi —dy +o(1)|

(1+ |y~

(b) if one of the following conditions is satisfied:
(i) 3<n <5 and (2.5) holds;
(i) 6 <n <9 and (2.8) holds;
(i1i) n > 10, (M, g) is locally conformally flat, and (2.12) holds;
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then

’2—1—0[

n—e—)in—2) z_'_ 3
IN) = Ag — N Fms | Aguo(€)t" —At2+a2/ lyi + 7 Wi dy +o(1)

Here Ay, Ay and As are constants only depending on n and Aq is defined in (3.14).

Proof. We prove the C°—estimate. The C!'—estimate can be carried out in a similar way (see

[EPV14]).
Let us first prove (a) and (ii) and (iii) of (b). It is useful to recall that
2
- 1
o< 2in>10, a< 0TI L onse
n—2 2(n — 2)

Observe that

1 1 1
= — | |Vuol2dy, + = Ryu3d —/ hubd
\2/M| 9u0|g Vg + 2/]\/[C(n) gUo Vg+p+1 . Up ng

independen?on i and T
1 1
leading ferm in case (a)

LA {/ (VWi.r, Vug)du, + / C(”)Rth,ruodVQ] - >‘7122/ hWerugdvy
o M

N

-0
1 ne +1 . +1
_ )\*("*2)m [(WM + )\TQU(])p _ ijl B ()\TQUO)Z)
M
n—2 n—2 p
—(p+1)WE, ()\Tu()) —(p+ D)W, (ATUO) ] dv,
1
/\2? Ug+1dyg
p

J/

independent of pu and 7

— A2 /W (o) dv,

.

-~

leading term in case (b)

_)\—(n—Q)/ Wtﬂ'( "52u0>pdyg
M
+>\‘”]ﬁ Mh{(Wm Pug) ot = (V)
—(p+ W (VT w0 ) — (4 DWer (AT o) | oy
1

AN ——— | WPy,
p+1 Juy b gl

leading term in every case
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+A7" /M hWY, (AanQu()) dv,

Concerning the leading terms, we need to distinguish two cases. If the manifold is not locally
conformally flat, by Lemma 3.1 in [EP14] we deduce

o [1 1 !
A2 {E/MNth,TIf,dung—Ac(n)RgWETdVg—mWﬁldVg}

2
5.8
58 [ A [A(n) — B(n)[Weyl, ()24 + o) itn>7,
A0 [A(n) = B(n)[Weyl, (€) ! In o] + o(u!| n )] i n = 6.
If the manifold is locally conformally flat, by Lemma 5.2 in [RV13] we get
. 1 1 ,un—2
A (=2 {5 (/M [V W,r|2dvy + c(n)Rth%T) dv, — mwg:_rldyg} =A(n)+0O ()\”—2) :

Here A(n)and B(n) are positive constants independent only depending on n. Moreover,
straightforward computations lead to

— (1 — n—s =N 1 Mng2
5.9 A("Q)/W”T<)\22u)dyzu £ af;/ — _dy+o| Bl
( ) u t, 0 g 0<€>>\T2 e (1+|y|2>%2 Y )\TQ

and

B 1 ) M2+a aPtl n |yz + Ti|2+a ,u2+a
(5.10) AT —— [ WPy, =E TS j/ 0 T gy o (B,
p+1Jy A" p+1 — Jrn

because a < n — 2.

Now, if n > 10 and the manifold is not locally conformally flat, we choose p = t\a2 so
that the leading terms are (5.8) and (5.10), namely

,LL4 Iu2+a

n=2 4
o2 M
N2 ~ 0 and i =0 <)\n_2) )
On the other hand, if 6 < n <9 we choose y = tA T8 e so that the leading terms are (5.9)
and (5.10), namely

n=2 24« 4 n-2 16
i\bn; ~ N)\n and )\’:72 =0 (/;7;) ., provided that o < 5

The higher order terms are estimated only taking into account that the bubble W, ; satisfies
(5.1).
A simple computation shows that

n_o n—2

n—2 1 J—

/\—(n—2)/ Wi, (,\T u0>pdyg =0 “n—:)\Q/ T ey | = o N;Q
v A2 B(0,r) ly — pr|" A2

n+2

_ n—2 2 1 MnT_Q
)\"/hW”T<)\22u)du:O ’“‘—/ S — ) .
Mo 0] A\ By |y — pur|"e Y A\

and
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If n =6 then p+ 1 = 3. It follows that

1 n— p+1 no p+1
N {(Wm + )\TQUO) Wt ()\TQU())
D M ’

—(p+ WL (Vw0 — 0+ W (V)| dry = 0

and

—-n 1 n—2 p+1 n—2 p+1
A p—+1/Mh{(Wm+)\ 2 Uo) _ g:_rl_ ()\ 3 u0>

—(p+ W (AT o) — (0 + Wi (VT o) | dyy = 0.

Ifn>7 we get

1 ne pt1 ne p+1
N {(Wtﬁ n )\TQUO) Wt ()\T2u0>
p M ’

—(p+ Wi, (A”T_QUO> —(p+1Wir ()\nT_Qu())p] dv,
= )\_(N—2)Zﬁ /Bg(&\/m |:<Wt,‘l' n )\n22u0>17+1 B ngl B </\n22u0>p+1
—(p+ D, (AT ) =+ W (Vo) |
1

1 1
+ A [(Ww + >\"22u@>p+ - Wit — <>\n?2160>p+
P+ 1 JwnB, v ’

T
= 0 —_— s
A

because by Lemma 5.1

1 ne +1 e +1
)‘_(H_Q)m/ [(Wm + )\TQU())p — Wit - ()\T2u0>p
By (&,v/11)
n—2 n—2 p
_(p + ]‘>W£T (ATUO> - (p + 1)Wt,7' (ATUO> ] dl/g

1 n— p+1 n—
D) Wir + AT o) = WP — (p+ DWE, (ANFoug ) | dv
P+ 1 )5, um ’ b v !

g 7\/ﬁ

—(p+ WL (VT ) = 0+ W (VT w0 ) ]

n—2

1 e p+1 p
B e () B A 22u0 dv, — \~(n=2) Wir (A2 ug) dy
1 g ’ !
P+ 1 JBeym By(&,v/R)

o +1 - 2
=0 A2 / (A%uo)p dv, | +0 [ A2 / Wi (A o) dv
By(6. /) By (€. /7)

+0 (M"?) / Wi <>\n22u0>pdyg>
Bg(&v/1)
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1
=0 (N / up v, | +0 | p? / —dy
By(€/7) B, 1Y = KT]
pT 1
+ 0 n—_s/ P —r—t 1)
n—>bt n—2
A2 JB0,yh) ly — pr|
n—2 n—2
oo o) o ) <o (7).

since if p is small enough, for any ¢ < n, we have

1 1 1 ne
(5.11) / ——dy = / —dy < / —dy =0 <,u 2q>
B(0,\/f) ly — pl? B(—pr /i) |y|? B(0,2\/f) |y|?
and
1 n— p+1 n— p+1
P {(Wm v )\T2u0> Wt ()\TQu())
P+ 1)\, vm) 7

—(p+ W (VT w) = -+ W (VT ) ]
A~ (n—2) o p+1 n—2 p+1 n—2 p
T p+l /M\Bg(am [<Wt” 2 u0> - (A ’ “°> — P W <A 2 u0> }dyg
/\7(n72) ne
/ Wp+1dyg _ )\(HZ)/ Wf,‘r ()\T2u0) dyg
M\By (€.1/R) M\B, (&./R)

e p—1 >\_(”_2)
A== 2> WE (N Fu) v | +0 / W d,
M\Bq@ Vi) R N VVNGND

M\B (&vn)

%)—1—0( ”2),u

n[3
SN—
+
@)
VR
> =
M‘J\) w3
N———
Il
Q
VRS
=
3 3
l\)l|\) l\.’l‘J\3
N——

Here, we used the fact that

and our choice

2
— 1
o <010 <o
2(n —2)
-6 26 16

n 5 < a < % if n > 10 and (M, g) is locally conformally flat,

n p—
2n

<
n—2

if n > 10 and (M, g) is not locally conformally flat.




LARGE CONFORMAL METRICS WITH PRESCRIBED SCALAR CURVATURE

In a similar way, if n > 7, we get

1 e +1 e +1

Am—— | h {(WN + )\Tzuo)p —writ - (A%%)p
p+1Jy ’
n—2 n—2 p
—(p+ )W, (ATuO) — (p+ D)W, (ATu()) ] dv,
. +1 . +1

L h {(Wt,f PN Fuw) - = (V)

p+1JB, ey

—(p+ WL (VT w) = 0+ W (VT w) ]

1 n— p+1 ne p+1
PATT h [(Ww + ATQUO) W ()\Tzu0>
P+ 1) u\B,e.vm

—(p+ WL (VT o) = 0+ W (Vw0 ) ]
- (57)
=0 W ,

because by Lemma 5.1

1 1
At h {(Wm A ) - (A’BQUO)”
p+1Jb,evm

—(p+ W (VT w) =+ W (VT w0 ) | d

n— ptl
p+1 [ Wir+ A2 ) - fil (p+ 1)WY, (A?uoﬂdl/g
By (§,v/)

n— p
L ( ) A / W, - ()\T2u0) dv
r ! By (&,v/1) g
n— +1 . )
=0 )\"/ h ()\TQU())” dyg> +0 ()\”/ thj;l ()\TQU()) dVg>
Bg(&,v/1r) By (6 /7)
"W s <>‘ = UO) dv,
By (&,4/11)
2 a+2
o[ oyt ) ot [ W,
a+2
e / U
N7 Jeo.ym 1y = pl

wiin Hoz+§+’n H}anZ wid M2+01
=0 () o B |+ 0| (e :O()\")
Here, we used (5.11) and

1 — p+1 n— p+1
p— h [(Wm A ) =W = (W)
p+ 1 ans, ¢ v

_l’_
S
/T~
>

3
—
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n— n— p
—(p+ l)W}fT ()\T2u0> —(p+1I)Wr ()\TQu()) ] dv,
)\_n n—2 p+1 n—2 p+1 n—>2 p
= e () o (1) i
P+ 1 JanB, ¢ vm

A .
/ WP g — A" / WP, ()\ 22u0> dv,
M\By(€.v7) M\By(€,v7)

+
o -1
( inwﬁT(A7¥u0>p ch@>—+6)<A”J/ fnafjhh@>
M\B, (€. vR) M\By(€.y)

WY dy,
M\B (&)
a+24+n

O B vo=n fa<n—=6
o a+2+n O O‘+g+” O Mn;Q
=) Ot )|lnpy| ifa=n—-6 T \n + 2

O(/\n2> ifa>n—6

2o

= ( 0 > because o« < n — 2.

Collecting the previous computations we get the result.
Let us now prove (i) of (b). Observe that
INU)

1
/ |V guo|2dvy + / (n)Rgungg+m/Mhungyg

mdependen‘tr of y and 7

1 1 1
+ A~ (-2) [ / IV Wzl 3dvg + 2/ c(n)RW} dv, — m/ ngldvg}
M M

A [/ (V Wiz, Vguo) —l—/ c(n)Rth,Tuo} dv,
M M
=0

_2 p+1 1 n—2 p+1
u) =W = (A o)

—(p+1) (/\ 2 u0> —(p+1)W,r (A%uo>p} dv,

M

p
hWtyTuOdVg

— )\—(n—Z)L [(W”
p+1Jy ’

1
)\2 ? Ungl dVg
p M

S

independen‘t, of pand 7

_ )\(nZ)/ Wfﬂ_ ()\nTﬂu0> dyg
M

N

leading term
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— A=) /M Wer (V5 w0 o

1 n—=2 P+1 n—2 p+1
-n__~ 5= . p+1 5=
FAT Mh[(WtJH u0> wrt <)\ u0>
—(p+ )WY, (A%Quo) —(p+ D)W, ()\7"52110)]]} dv,
-n 1 p+1
FAT dygl

leadir?gr; term
AT / VL, (A% o ) d
M

Concerning the leading terms, straightforward computations lead to

o n—2 HT72 1 /,l,anQ
A~ 2>/ Wi (X7 ug) dvg = u g”ngap/ ————mdy +o| =
M te (A5 ) = we (14 |y2)" 5 A

and

1 M2+a ans n |y +7—A|2+a Iu2+a
P — hwp“dy = n /ai;d +o| 52—,
p+1 7 e QDJrlz,Z1 (1+ |y]?)™ Y An

because a < n — 2.
The higher order terms are estimated as follows. By [MPV09], we deduce that

ey [1 1 1
A—(=2) {5 /M VWi |2dv, +5 /M c(n)nggTdyg— — / ngjldyg]

ifn=3

2
o nply
= A2 4(n)+{ O ( 12 ) =4

O<%) ifn=>5

where A(n) is a constant that only depends on n. A simple computation shows that

(n— n—2 2 1 ,UngQ
A<”2>/WT AN up) dv, = 0 | B2 )\2/ | =0’
Mo < 0> ! N2 Iyen (dg(@,9)" 7 AT
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and

n+2
ne 2 1
AT VP (N0 dv, = O a / —du
/]\/[ b ( 0> I <)\n§2 By(er) (dg(, )" !

-
O E) if >0
| Inp

|) ifa=0

Finally, by using that
(@ +b)PTh — aP™h — P — (p+ 1)ab” — (p+ 1)a?b| < c(n) (a®P~" + a”~'b°)
which holds if p > 2 (this is true if n = 3,4, 5) for any a,b > 0, we get

e ] [oneer ) me ()
M

—(p+ WP, (A*uo) o+ DWer (N w0) ]
O()\(nZ)/ W2, ()\"QQUO)IJ_I dz/g) ( (n—2) / wrot )\ 22u0>2dvg)
()\ n—4) / dug> ( / Wg;ldyg)
M
O (1)

O (M) ifn=3 ifn=3
O@Wllnul) ifn=4 +q O lnyl) ifn=4
O\ ?) ifn=5 O (1?) ifn=>5

)‘nL/ h |:(Wt,7' + )\7122%)1’“ - ngl — ()\7122u0)p+1
M

—(p+ WL, (AT w) — 0+ W (VT w0) | d,
(A n th )\22u0>p_1 dyg) +0 ()\‘” /M W ()\n22u0>2dug>
(A n=2) hW2 dug) +0 (ﬂ / hngfldyg>
M
(A

—(n—2) n 2)+O()\ 2M2)

] (An;).

Collecting the previous computations we get the result.
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